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1. THE PROBLEM

Let {61,...,6;} be an ezhaustive list of k different categories which are de-
fined as possible classes within a given population; without loss of generality,
we shall assume that those describe mutually exclusive categories for, other-
wise, it would suffice to define as different classes those associations of two
o1 more categories which are considered to be compatible. Furthermore, let
%X = (Z1,...,%m)’ be a vector of observable attributes which are judged to be
possibly related to the categorization considered. We are interested in a gen-
eral Tobust procedure which could be used to prediet the category to which an
element of the population belongs, given the values of its relevant attributes
and the information provided by the data bank D = {(x;,é;;y).7 = 1,...,n}
Whi(_ch contains the category &¢;y € {é1,...,6k} and the vector of atiributes
x5 = (T51, . 2 Zim)t of each of the elements of a sample of size n from the
population Common applications include automatic diagnosis, electoral fore-
casting and biological taxonomy.

The natural answer to the problem posed, and indeed the only solution
which is compatible with rather mild coherence requirements (see, for example,
Lindley, 1982, and references therein), is to provide a probability distribition
over the categories

{p(55|x, D, H)a i=1,.. $k} (1)

which describes the probability that an element of the population with at-
tributes x belongs to each of the possible categories, conditional on the avail-
able data bank I}, and on those assumptions H which one is prepared to make
about the structure of the problem. The probability distribution (1) is often
referred to as the diagnostic (predictive) distribution, (see, for example, Dawid,
1976).

It is important to note that even if precise classification is desired, say be-
cause legal requirements force to ¢hoose a particular category, the diagnostic
distribution just described still is a necessary intermediate step. Indeed, stan-
dard coherence arguments show (see, for example, Fishburn, 1981, Bernardo et
al., 1985, and 1eferences therein) that the optimal decision is to choose that
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category 4; which minimizes

k
3 e(8;16:,%)p(8ilx, D, H) (2)
=1

where £(6;]6;,x) is the loss suffered if §; were to be named as the true category
for an element with attributes x whose actual category is §;. It is obvious from
{2) that the optimal choice is not necessarily the most likely category.

In Section 2 we review the general Bayesian approach to the problem posed,
the precise history of which may be traced from Geisser {1982), a review paper
by one of its main contributors. Section 3 provides a particular solution based
on the sufficiency and multinormality of some fanction of the attributes rather
than on the multinormality of the attributes themselves as in Gelsser {1966).
Section 4 provides a 1elatively simple decision-theoretical based approximation
to that solution. The paper concludes in Seciion 5 with a general discussion,

2, THE GENERAL BAYESIAN APPROACH

Let t = t(x) be a relevant (possibly vector valued) function of the attributes
which is considered to encapsulate most of the diagnostic information contained
in the vector of attributes, in the sense that

p(6clx, D, H) = p{&ilt, D, H), i=1, .,k (3)

The t1ivial special case t(x) = x demonstiates that this is always possible; we
shall see however that the derivation of a non-trivial epprozimately sufficient
relevant function is often feasible, and makes the problem far more tractable.
By Bayes’ theorem,

p(6:|t, D, H) o p{t|é;, D, H)p(é:| D, H) (4)

where p(t|é;, D, H) is the (posterior predictive} distribution of t among the
elements of the population which belong to category é; and p(é:|D, H) is the
(posterior) distribution of the categories in the population, given the informa-
tion provided by the data bank. We now proceed to analyze in detail those two
elements.

It is natural to assume that, within each category, the elements of the pop-
ulation may be considered to be ezchangeable, 1.e. that the joint density of any
finite set of t values, p(t1, ..,t:|6) Is invariant under permutation of the t,’s;
in this case, there exists (DeFinetti, 1975, p. 215) an integral representation of
the form

plty, ., te]6) = / LI »tts10:) p(8:) a0: (5)
)
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so that the set of vectors {£;;,7 =1, . .,n;} observed in the n; elements of the
data bank which belong to category §; may be seen as a random sample from
some model p(t|#;) with unknown parameter vector 8;. Tt then follows that the
predictive distribution in (4) may be obtained as

plt|&, D, H) :/ pltl6;, H) p{é:|é6;, D, H) db; (6)
where, by Bayes’ theorem,
i
p(8:]6:, D, H) H p(ti;|0s, I) p(0:[6i, H). (7)
7=1

Hence, attention should be centered into the specification of the conditional
sampling distributions {p(t|4;, H),i = 1,...,k} of the relevant function t for
the k categories and their corresponding prior distributions {p(8:{6;, H),i =
1. ..,k}. A sensible choice of the relevant function t, and a careful specification
of its sampling distribution within each category, are essential to obtain useful
results.

Under most circumstances, very little prior information will be available
on the values of the 8;’s. Hence, it will often be appropriate to approximate
p(0;16;, H) by the ‘non-informative’ reference prior m(6;|6;) (Bernardo, 1979b)
which is adequate for prediction of t within category §;. Such an operational
prior only depends on the model p(t|f;, H), and may easily be obtained from
the asymptotic behaviour of the posterior distribution ;.

To derive the second factor in (4), the probability distribution of the cate-
gories within the population, given the information provided by the data bank,
{p{é;|D,H),i=1,.. k}, it is necessary to specify the sampling procedure used
to obtain the data. In most applications, the data bank is either obtained by
random sampling within each category {retrospective sampling), or by random
sampling from the whole population (prospective sampling).

With retrospective sampling, the data cannot obviously provide any infor-
mation about the prevalence of the categories and, hence

p(6:\D, 1) = p(&lH), =1,k (8)

where p(8;|H) is the (prior) probability that an element of the population be-
longs to category 6; before its attributes have been observed. A reference,
uniform distribution {#(;|H} = 1/k,¢ =1, .. ,k}, may be used if no relevant
prior information is available

If the data constitute a random sample form the total population angd §;)
denotes the category associated to the j-th element in the data bank, one has
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the multinomial model
k
p(é(])l(plsspk) =¥ Pi >0, szl (9)
i=1

where ¢; is the (unknown} proportion of elements in the population, which
belong to category &;. It follows that

p(6:D,1) = [ 9(610) p(elD, H) do = Bl D, 1 (10)
where, by Bayes’ theorem,
k
ple|D, H) « [J 07 ple) (11)
=1

If prior information about ¢ is diffuse and, hence, may be approximately de-
scribed by the corresponding reference prior w(ip) o []; (p,-_l/ 2, then,
p(6;|D, H) = E|p;| D, H] = (n; + 1/2) /(n + k/2) (12)
Combining equations (4), (6), (7} and either (8) or (12) depending on the
sampling procedure which was used, and assuming that little relevant informa-
tion is available beyond that provided by the data bank, the desired diagnostic
distributions is obtained as

p(6:[x, D, H) . p(t|é;, D)p(6;| D}
p(t16. D) = [ (tle) p(e:D) ab

p(0:D) ﬁ p(ts;16:)7(65]6:) db; (13)
j=1

where, for notational convenience, dependence on the general assumptions H
has been omitted, p(6;|D) is either 1/% or {n;+1/2)/(n+k/2), 1respectively de-
pending on whether the sampling was prospective o1 retzospective, and {m(6;|6;),
i =1, ..,k} are the reference priors which are appropriate for prediction of t,
within each category, from the assumed models {p(t|6;, H),i=1,...,k}.

We shall now illustrate this general approach with a particularly effective
choice of the relevant function ¢ = t(x).

3. THE SUGGESTED MODEL

3 1. THE LINEAR DISCRIMINANT VECTOR
In his famous pioneer work on classification, Fisher (1936) showed that ifx;.
and x5, are the arithmetic means of the vector of attributes which respectively
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correspond to categories &1 and é; and S is their pooled sample covariance
matrix, then the function t(x) = Mx = Az + -+ A, Where

)‘t = (Als [ s)‘m) = (xl’? - XQ*)t SAI (14)

is the linear function of the attributes which optimally separates §; and 8g, in the
sense of maximizing the standardized difference between the average values of
the Ax’s obtained for each of the two classes. Goel (1983} has recently pointed
out that (14) is in fact optimal for a much larger class of distances. Other
derivations are given by Wilks (1962), Dempster (1969) and Geisser {1977).

The idea may be generalized in different ways to the case wheie there are
more than two categories. An attractive possibility is to consider the set of
linear functions

Mg = (x5 — %) 5%, i=1,. k-1 {(15)

whete X;, is the (vector) mean of the atiributes of the elements in the data
bank which belong to category é;,

k e
S=n"1 Z Z (x5 ﬁX{*)(Xij _xki)t’ {16}
i=1 5=1
and x;; is the j-th vector of attributes within category &;. Thus, Alx is the
linear function which best separates category 6; from ;. The k-th category
should be chosen to be a control category, for, as we shall later establish, the
weight of evidence for each of the §;’s relative to §; may easily be provided,
using the Alx values defined above.

We argue that the (vector) function t = t{x) = {Aix,.. ,AL_,x} thus
defined is often a very good candidate to the role of relevant function defined
in Section 2. Indeed, the geometrically based optimality results mentioned
above and the remarkable practical results which have been obtained using
discriminant analysis (see, for example, Press and Wilson, 1978, or Titterington
et al, 1981) suggest that the linear discriminant functions de captuze most of
the information contained in the data bank which is useful for classification
purposes. Thus, as a first approzimation we shall assume that the diagnostic
distiibution mainly depends on the attributes through the corresponding values
of the discriminant functions Formally,

p(éi|x, D, H) =2 p(6;|t, D), i=1, .,k (A1)
where t = t(x) = {Alx, ..,A_;x} is the vector in R*~! whose components
were defined in (15).
3.2, CONDITIONAL SAMPLING DMSTRIBUTIONS

OF THE DISCRIMINANT VECTOR
If the number of attributes is not very small, which constitutes the stan-
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dard situation in most applications, different forms of central limit theorems
may be invoked (see, for example, Diaconis and Freedman, 1984) to guarantee
that, within each category, the sampling distribution of the discriminant vec-
tor t, a linear combination of possibly standardized random quantities, will be
approximately normal. Formally,

p(t]6;) = Np_1(tlis, B;) o |57 Y2 GXP{*%(t — )t BTN — p)} (42)

where (u;,%;),7 = 1,...,k, are unknown parameters. Note that while the
discziminant function t may be expected to be normally distributed, the orig-
inal vector of attributes x, which typically mixes quantitative and qualitative,
highly interdependent variables, cannot be expected to have a multivariate
normal sampling distribution; yet only the normality of x would guarantee the
optimality of most of the currently used classification schemes.

The normality assumption should obviously be tested in any concrete ap-
plication and substituted, if necessary, for more appropriate distributional as-
sumptions. It is important to note however, that the problem then posed is far
easier than the original, for (A1) has reduced the dimensionality of the problem
from m (the number of attributes) to & — 1 (the number of categories minus
one); in standard applications, m is of the order of tens while k is typically very
small and often equals two,

3.3 PREDICTIVE AND DIAGNOSTIC DISTRIBUTIONS

The prior information on the unknown parameters {(p;, 5¢),7 = 1,...,k}
which control the conditional sampling distributions of t will typically be very
diffuse; thus, it will often be appzopriate to use the corresponding reference
prior which, for prediction from a multinormal model N,(t|i,X) of dimension
p, turns out to be (yx, T)  |B|~(F+1/2, Thus, we shall further assume,

7 {1y Be) o |5 7F/2, {A3)

Obviously, if a different sampling distribution for t is specified in {A2), then
(A3) should be substituted by the appropriate reference prior for prediction
from the model chosen.

Assumptions (A2) and (A3) may now be combined to derive the required
predictive distributions of t. Indeed, using (6) and (7),

p(t]6:,D) / / Nie (bl B2) ploss, 4l D) dyes 4

My
plue, Di|D) o [] Necalti;lpi, 2i) [T 7572 (17)

i=1
where t;; = {Alty;,. .,AL_iti;}, the Ay’ were defined in {15), and t;; is the
j-th vector of attributes within category §;. The resulting predictive densities
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are (see, for example, Geisser, 1964) the multivariate Student densities defined
by
p(t]6:, D) = St{t|my, (ni—k+1)7" (Rg +1)Vy, ny—k+1)

=GV L+ e+ )7 - m) VI (6 mg) T2 (18)
where m; and V; are respectively the vector of means and covariance matrix
of the discriminant vectors {t;;,5 = I,... ,n;+ which correspond to those ele-
ments in the data bank which belong to category §;, and C; is the {relevant)
normalizing constant

Ci = {T'(ns/2)/T((ns — k +1)/2)} {(ni + 1)}y "=/ (19)
which only becomes irrelevant if all the n;’s are equal.

It now follows from equations (13) in Section 2 that, under the assumptions
(A1) to (A3), the diagnostic distribution which provides a probabilistic auto-
matic classification for an element of the population with attributes x is given
by
p(8ilx, D) o Cy{ V|7 31 4 (ng + 1) 7" (8 —my)? Vit —my)} /2 p(6,(D)

(20)
where t = t(x) = {Aix,...,A,_,x} is his corresponding discriminant vector
and p(6;}1}) describes the available information about the distribution of the
categories within the population, which equals either (n; + 1/2)/(n + £/2) oz
1/k, depending on whether the sampling was prospective or retrospective, if
the only available information is that provided by the data bank.

For large sample sizes, the student distributions in (18} converge to normals
and, hence, (20) simplifies to

p{bijx, D) |V,-!_1/2 exp{—-%(t — ) Vi_l(t —m;}} p(é| D). (21}

However, this approximation may be rather misleading with small data banks
{see, for example, Aitchison and Dunsmore, 1975, p. 228).

The implementation of the proposed method to obtain the diagnostic distri-
bution 1equires, for each new element to be classified, a series of computations
which are often too involved for the numeracy of potential users. In the next
section, we derive a linear approximation which may be routinely used by any-
one with basic arithmetic.

4, LINEAR APPROXIMATION AS A DECISION FROBLEM

Classification procedures based on logistic regression are popular with prac-
titioners because the resulting diagnostic distributions for new elements only
depend on a fixed linear combination of their attributes. Moreover, logistic re-
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gression models are often successful because they provide a large, flexible class
of diagnostic distributions which may be expected to fit most situations. The
logistic (additive) model directly assumes that the diagnostic distribution is of
the form

log{p{6:[x,w}/p(8k|X,w)} = wic +warz1 + +WimZm, =1, ..,k—1 (22)

and uses the data bank D) fo estimate the (k£ — 1) X (m + 1) matrix of unknown
parameters {w,t = 1,...,k =1, 3 =0,...,m}. Cox (1970} and Anderson
(1972) propose to use the corresponding maximum likelihood estimates. It
has been demonstrated however that this procedure overfits the data bank and
may produce rather misleading diagnostic distributions Moreover, maximum-
likelihood methods are not immediately applicable to the rather ubiquitous
retrospective sampling case.

From a Bayesian point of view, estimation of the w;;’s is a well posed deci-
sion problem where the action space is the class of possible values of the matrix
w, the relevant uncertain event is the value x of the vector of attributes of the
next element to be classified, and the loss function €{w, x} is some measure of the
discrepancy between the actual diagnostic distribution {p(é;|x,D),t = 1,...,k}
and its logistic approximation {p(&x,w),i =1,. .,k}

The loss suffered when the probability distribution P of the discrete random
quantity § is approximated by another distribution ¢ may be expressed as the
expected value of the conditional loss, given each value of &,

k

> pi{u(P,6) — u(2,6)} (23)

i=1
where u( P, §;) is the utslity of the {predictive) distribution P, conditional on the
true category §; of the element considered Functions of this type are usually
referred to as scoring rules, for they provide the score u(P,§) to be accorded to
a forecaster who produced a prediction P on the category of an element whose
actual category is found to be § An obvious requirement for the induced loss
function (23) is to be nonnegative and only zero if P = £; this implies that
the function v must verify the condition supy X; p; v(2,6;) = Z; p; u(P, ),
which is the definition of a proper scoring rule.

Different scoring rules will induce different loss functions; the quadratic score
w(P, ;) = 2p; — X;p?, and the logarithmie score u(P, &) = log p;, are the most
popular. It may be shown however (Savage, 1971) that, when theie are more
than two categories, the logarithmic is the only proper scoring rule whose values
only depend on the probability associated to the true category Moreover, the
discrepancy loss induced by the logarithmic score, namely T;p; log{pi/g:}, 1s
the logarithmic divergence, whose attractive properties (Kullback and Leibler,
1951; Bernardo, 1979a) are well known. With this particular choice, the loss
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function of our original decision problem becomes
k
#w,x) = > p(&lx, D) log{p(8:x, D) /p(8:x,w)} (44)
i=1
whose ezpected value is minimized if, and only if, one maximizes
‘ E
/ (x| D) Z p(6;|x, D) log p(&;%,w) dx {24)
' =1
Since the data bank provides random samples of attribute vectors from the
population, a Monte Carlo approximation to this integral is provided by one of
the following equations,

n k
n~t Z Z p(biix;, D) log p(&i[x;,w) {25)

=1 =1
k ng I3
k_lz n;? Z Z p(6e|xe, D) log plbe[xej,w), (26)
t=1 F=1 £=1

depending on whether the sampling was 1espectively prospective or retrospec-
tive. To obtain the value of w which maximizes either of those expressions,
one may use a Newton-Raphson procedure similar to that used by maximum-
likelihood logistic regression; as a matter of fact, (25) may be viewed as a
weighted log-likelihood where each of the elements in the standard log-likelihcod
is weighted by its predictive probability.

Once the optimum value of w, say @, has been found, a linear approximation
to the diagnostic distribution of a new element with attributes x is simply
provided by
2:(x) = log{p(b;|x, D}/p(bk|x, D)} = djo+dnzi+. . +@imZm, =1,.. k-1

(27)
so that the linear combination #;(x) directly provides, on a {—oc, 00} scale,
the relevant log-odds, i.e. the weight of evidence (Good , 1950) for category &;
relative to the category &, which was used as control. Naturally, the log-odds
{€1(x},. .,€x—1(x)} may easily be transformed into probabilities; indeed,

k—1
plkix, D) =1/{1+ > exp(L:(x))}
i=1
p(b;|%, D) = p(éx|x, D) exp(i(x)), £{=1, ..,k—1L (28)

However, experience shows that the use of log-odds is often both more infuitive
and more convenient, especially when extreme probabilities arise, as it is often
the case in standard problems of probabilistic classification.
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5 DISCUSSION

The model described in section 3 is only an example of how the general

Bayesian methodology may successfully be applied to automatic classification; -

indeed, other relevant functions and/or other assumptions on their conditional
sampling distributions may turn out to be more appropriate in specific prob-
lems. We claim, however, that the model described performs well in a very
lazge class of problems and, as demonstrated in a large number of both simu-
lated and practical examples on which it has been tried, it may be expected to
outperform established classification methods.

It should be obvious to the reader that the possible applications of proba-
bilistic classification are virtually endless Indeed, we have successfully used the
proposed procedure in medical diagnosis (classification of patients by diseases),
geology (land areas by oil potential), biology (animals and plants by species),
sociology (citizens by political behaviour}, psychology (individuals by abilities)
and economics (companies by tax categories).

The proper score functions introduced in Section 4 to derive the linear
approximation may also be used both to evaluate comparatively different prob-
abilistic classification procedures and to address the problem of the choice of
variebles, therefore reducing the initial (usually very large) number of attiibutes
to those really necessary to obtain good diagnostic distributions. The details
are provided in Bernardo and Bermudez {1985). '
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